Heisenberg equation for a nonrelativistic particle on a hypersurface:
  from the centripetal force to a curvature induced force by Lian, D. K. et al.
ar
X
iv
:1
70
7.
08
16
5v
1 
 [q
ua
nt-
ph
]  
23
 Ju
l 2
01
7
Heisenberg equation for a nonrelativistic particle on a hypersurface: from the
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In classical mechanics, a nonrelativistic particle constrained on an N − 1 curved hypersurface
embedded inN flat space experiences the centripetal force only. In quantummechanics, the situation
is totally different for the presence of the geometric potential. We demonstrate that the motion of
the quantum particle is ”driven” by not only the the centripetal force, but also a curvature induced
force proportional to the Laplacian of the mean curvature, which is fundamental in the interface
physics, causing curvature driven interface evolution.
PACS numbers: 03.65.Ca Formalism; 04.60.Ds Canonical quantization; 02.40.-k Geometry, differential ge-
ometry, and topology; 68.65.-k Low-dimensional, mesoscopic, and nanoscale systems: structure and nonelec-
tronic properties
For an nonrelativistic particle constrained on (N − 1)-dimensional smooth curved surface ΣN−1 in flat space RN
(N  2), there is an apparent force, the centripetal force. It is a commonly hold belief that in quantum mechanics,
Heisenberg equation for the time derivative of momentum takes the form identical to the that in classical mechanics
[1], c.f. Eq. (1). In fact, the situation is far more complicated than what is anticipated. This is because in
quantum mechanics for motion on the hypersurface, there is a curvature induced potential [2–5] that has no classical
correspondence, and we can by no mean assume that same form of the Ehrenfest theorem for the time derivative of
mean value of the momentum applies.
As to the curvature induced potential, it was first suggested by DeWitt in 1957 [2], but its identification was due
to Jensen and Koppe [3] in 1971 and subsequently da Costa [4] during 1981-1982, who developed a confining potential
formalism to deal with the free motion on the curved surface. By the confining potential formalism we mean to write
the Schro¨dinger equation within the uniform flat space RN within sufficiently high potential barriers on both sides of
the surface, and then squeeze the width of barriers. Since the energy difference between the excited and the ground
state of the particle along the direction normal to the surface is very much larger than that of the particle along the
tangential direction so that the degree of freedom along the normal direction is actually frozen to the ground state,
an effective dynamics for the constrained system on the surface is thus resulted in, which contains a well-defined
form of the curvature induced potential, the geometric potential as called later, c.f. Eq. (7). In 2013, Liu [6] applied
the confining potential formalism to the momentum and demonstrated that it became the geometric momentum [7],
c.f. Eq. (6). The confining potential formalism is now widely used to predict curvature-induced consequences in
two-dimensional curved surfaces or curved wires [8]. Experimental confirmations of the geometric potential include
an optical realization of the potential [9] in 2010 and the potential in a one-dimensional metallic C60 polymer with an
uneven periodic peanut-shaped structure in 2012 [10]. An interesting application of geometric momentum is that the
propagation of surface plasmon polaritons on metallic wires is in 2015 found to be governed by two solely curvature-
induced geometric momenta, leading to a significant modification of the waveguide dispersion, i.e. a change of their
phase velocity [11].
In the present study, we show that the time derivative of momentum in the Heisenberg equation gives not only
the centripetal force which has classical correspondence, but also a curvature induced force proportional to the full
Laplacian of the mean curvature, of which the intrinsic Laplacian part in interface physics is responsible for the
curvature driven interface evolution, and phase transition due to the diffusion, etc. [12], which has nevertheless no
classical correspondence.
Let us consider the surface equation f(x) = 0, where f(x) is some smooth function of position x ≡(x1, x2, ...xN )
in RN , whose normal vector is n ≡ ∇f(x)/|∇f(x)|. We can always choose the equation of the surface such that
|∇f(x)| = 1, so that n ≡ ∇f(x). No matter what form of the surface equation we choose, only the unit normal vector
and/or its derivatives enter the physics equation. In classical mechanics, the equation of motion of the particle on the
surface is, [1, 13–15],
d
dt
p =− n
(
p ·∇n · p
µ
)
, (1)
where µ symbolizes the mass of the particle, and dp/dt denotes the derivative of the momentum p with respect to t.
The right hand side of this equation (1) does not take the familiar form of the centripetal force. This is because we
2do not consider the geodesic the particle is bound to move along. With accounting for this fact, Eq. (1) becomes [14],
d
dt
v =− n
v2
R
, (2)
where 1/R stands for the first local curvature of the geodesic, and v represents the velocity of the particle. Our key
finding is in the following, in Heisenberg picture, the motion of equation can be given by,
d
dt
p =−
1
2
{
n
(
p ·∇n · p
µ
)
+
(
p ·∇n · p
µ
)
n
}
−
h¯2
4µ
∇2Mn, (3)
where M ≡ −ni,i is the mean curvature of the surface and ”, i” in the subscript denotes the derivative with respect
to the coordinate xi, and the ∇
2 ≡ ∂i∂i in which hereafter repeated indices are summed over. Operator p ·∇n · p =
pinijpj = pinjipj is manifestly hermitian for nji = nii. Evidently, there is a curvature induced quantum force fg,
χg ≡ −
h¯2
4µ
∇2Mn. (4)
The proof is as what follows.
In Heisenberg picture, the equation of motion for the momentum operator p is,
d
dt
p =
1
ih¯
[p, H ], (5)
where the momentum p and Hamiltonian H are, respectively [3–7, 13–17],
p = −ih¯(∇S +
Mn
2
), H = −
h¯2
2µ
∇2LB + VG =
p2
2µ
−
h¯2
4µ
(ni,j)
2
, (6)
where VG is the well-established geometric potential [3–5, 13],
VG = −
h¯2
4µ
(ni,j)
2
+
h¯2
8µ
M2 =
h¯2
4µ
(
1
2
M2 − (ni,j)
2
), (7)
and ∇2LB = ∇S ·∇S is the Laplace-Beltrami operator which is the dot product of the gradient operator∇S ≡∇N−n∂n
on the surface ΣN−1 with ∇N being usual gradient operator in R
N . The commutators between different components
of the momentum p [17] are,
[pi, pj] =
ih¯
2
((njni,l − ninj,l)pl + pl(njni,l − ninj,l)) . (8)
One component of the Heisenberg equation (5) becomes,
[pj , H ] =
1
2µ
[pj , pkpk]− [pj ,
h¯2
4µ
(ni,l)
2
] =
1
2µ
([pj , pk]pk + pk[pj , pk])− [pj ,
h¯2
4µ
(ni,l)
2
]. (9)
The last commutator in the right hand side of Eq. (9) can be simplified into,
[pj ,
h¯2
4µ
(ni,l)
2
] = 2ih¯
h¯2
4µ
(ni,lni,l,j − njnkni,lni,l,k). (10)
The commutator [pj , pkpk] can be decomposed into two parts, Fj +Gj , which are [17], respectively,
Fj ≡
ih¯
2
{nj,lnkplpk + plnj,lnkpk + pknknj,lpl + pkplnj,lnk} (11)
c.l.
⇒
ih¯
2
{p·∇njn·p+ p·∇njn·p+ p·∇njn·p+ p·∇njn·p} = 2ih¯p·∇nj (n·p) , (12)
Gj ≡ −
ih¯
2
{njnk,lplpk + plnjnk,lpk + pknjnk,lpl + pkplnjnk,l} (13)
c.l.
⇒ −
ih¯
2
{njp·∇n·p+ njp·∇n·p+ njp·∇n·p+ njp·∇n·p} = −2ih¯njp·∇n·p, (14)
3where c.l. denotes the classical limit. Clearly, Fj (12) goes to zero in classical mechanics for we have an orthogonality
n·p = 0, while Gj (14) corresponds to the centripetal force −2njp·∇n·p. The quantities Fj and Gj can be simplified
into, respectively,
Fj ≡ −ih¯
3ni,lni,l,j , (15)
Gj ≡ −2ih¯(njp ·∇n · p+ p ·∇n · pnj)− ih¯
3(ni,lni,l,j − 2njnkni,lni,l,j,k − njni,i,l,l). (16)
Substitution of Fj , Gj and [pj,
h¯2
4µ
(ni,l)
2
] (10) into Eq. (9) directly leads to the result (3). Q.E.D.
Three immediate remarks are in order: 1. The calculation is straightforward, but no one expects such a result before
because it breaks down the Ehrenfest theorem that implies no additional quantum force at all. 2. It is customary
to resort to the operator-ordering in the expression of the centripetal force −n (p·∇n·p) to produce the expected
form of the geometric potential. However, desperate attempts have been made during last three decades and all are
unproductive [15, 18]. 3. In interface physics, the Laplacian of mean curvature refers to the surface part ∇2LBM [12]
rather than the full one ∇2M in geometric force (4), and it is interesting to note the difference in between is in fact
the normal component of the gradient of the geometric potential,
∇2M = ∇2LBM + ∂n(
1
2
M2 − (ni,j)
2). (17)
Now, we estimate the magnitude of the curvature induced geometric force. It is significantly different from zero in the
area where the mean curvature alters dramatically. For a two-dimensional curved surface with mean curvature M ∼
1/a, χg ∼ −h¯
2/(µa3). For µ ∼ 10−30kg, a ∼ 10−8m = 10nm, fg ∼ 10
−2pN . For a spheroid
(
x2 + y2
)
/a2+z2/b2 = 1,
∇2M reaches its maximum −
(
b2 − a2
)
b/a6 at the top (x, y, z) = (0, 0, b) for the prolate spheroid and it reaches its
maximum
(
b2 − a2
) (
b2 + 3a2
)
/
(
2ab6
)
at the equator for the oblate spheroid, and for spherical surface, χg = 0. For
a torus with R being the distance from the center of the tube to the center of the torus and r (≺ R) being the radius
of the circular tube, ∇2M = R(r +R sin θ)/(2r2(R+ r sin θ)3) reaches its maximum −R(R− r)/(2r2(R− r)3) when
sin θ = −1 which lines out the circumference of the inside circle (with radius R− r) of the torus.
In conclusion, in quantum mechanics for the particle on the hypersurface there is mean curvature driven force.
Though this force has no classical correspondence, but well-established in interface physics, which causes the curvature
driven surface diffusion.
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